This paper is aimed at a (mostly) pedagogical exposition of the derivation of the motion equations of certain modifications of general relativity. Here we derive in all detail the motion equations in the Brans-Dicke theory with the cubic self-interaction. This is a modification of the Brans-dicke theory by the addition of a term in the Lagrangian which is non-linear in the derivatives of the scalar field: it contains second-order derivatives. This is the basis of the so-called Brans-Dicke Galileon. We pay special attention to the variational principle and to the algebraic details of the derivation. It is shown how higher order derivatives of the fields appearing in the intermediate computations cancel out leading to second order motion equations. The reader will find useful tips for the derivation of the field equations of modifications of general relativity such as the scalar-tensor theories and f (R) theories, by means of the (stationary action) variational principle. The content of this paper is specially recommended to those graduate and postgraduate students who are interested in the study of the mentioned modifications of general relativity.
We hope that our detailed exposition will help graduate and postgraduate students to learn how to derive the field equations of certain modifications of general relativity. Knowledge of the variational principle and the related procedure, gives us the freedom to look for new horizons, to seek for new ideas and models. One just slightly (and appropriately) modifies a known Lagrangian density, and the variational principle immediately yields the corresponding field equations. Usually, students ask to their advisers for working ideas, which means they want a set of master equations of the model subject of investigation, in order to be able to start the required study. Knowledge of the variational principle and of the associated variational procedure, will permit those students to obtain their own set of (modified) master equations, and this will contribute towards their independence during the research process.
As mentioned, here we focus in a modification of the Brans-Dicke theory where a piece of action containing derivatives of the Brans-Dicke field higher than the first one is considered. This modification is the basis of the so-called "Brans-Dicke Galileon" cosmological model, 2 formerly studied in [17] (see also [18] [19] [20] ). The authors of the mentioned work demonstrated the existence of self-accelerating universe with no ghost-like instabilities on small scales if the Galileon is a BD scalar field φ with a cubic self-interaction term [17] . The action for this model is given by:
where |g| is a scalar density of weight +1 (|g| is the absolute value of the determinant of the metric g µν ), so that d 4 x |g| is an invariant measure, R is the curvature scalar (also Ricci scalar), the BD scalar field φ stands as the Galileon field, V (φ) is the self-interaction potential for φ, and ω BD is a free constant called as the BD parameter. Besides, α 2 -the strength of the cubic self-interaction, is another free constant, (∂φ) 2 ≡ g µν ∇ µ φ∇ ν φ = g µν ∂ µ φ∂ ν φ, ✷φ ≡ g µν ∇ µ ∇ ν φ, and L m is the Lagrangian density of the matter degrees of freedom other than the Galileon itself. The cubic interaction ∝ ✷φ(∂φ) 2 /φ 2 , is the unique form of interactions at cubic order that keeps the field equation for the Galileon φ of second-order [14] . The existence of the self-accelerating universe requires a negative BD parameter ω BD < 0, but, thanks to the non-linear term, small fluctuations around the solution are stable on small scales. General relativity is recovered at early times and on small scales by the cubic interaction via the Vainshtein mechanism.
3 At late time, gravity is strongly modified and the background cosmology shows a phantom-like behaviour [17] .
As said, our aim here is to show in all detail how to derive the motion equations by varying (1) with respect to the fields: the metric g µν and the BD scalar field φ (properly the Galileon in the corresponding cosmological model), respectively. For simplicity of the derivation we shall split the action (1) into two pieces: i) the standard Brans-Dicke theory's action,
2 The presently accepted cosmological paradigm asserts that the expansion of the universe is undergoing a period of accelerated expansion, which started recently in the cosmic history, at a redshift of about z ≈ 0.7. The fundamental nature of this speedup of the expansion is not known, however, there are plenty of classical theoretical models that try to account for a plausible description of this stage of the cosmic evolution. Several of these models are based in Einstein's general relativity and need of an exotic component of the cosmic budget known as dark energy. Other models are based in modifications of GR. Among the latter ones the so called "Galileons" play an important role [14] . The name "Galileon" originates from the fact that, in the Minkowski spacetime, the field equations are invariant under the Galilean symmetry: ∂µφ → ∂µφ + bµ. In these models, despite that the Lagrangian contains derivatives of order higher than one, the equation of motion for the scalar field -properly the Galileon -can remain of second order. This is essential because the higher-derivative theories contain extra degrees of freedom that are usually related to instabilities. In [15] the analysis of Ref. [14] was extended to the curved spacetime, and the most general covariant Lagrangian that keeps the field equations up to second-order was re-discovered (the original study is due to Horndeski [16] ). 3 This is a screening mechanism due to the non-linearity of the term containing the derivatives of the scalar field. For distances from the source (or at small cosmological scales) smaller than the Vainshtein radius r V , which depends on the source and on the parameters of the theory, the gravitational effects of the scalar field are hidden via the non-linear effects so that, at distances ≪ r V the theory is indistinguishable from general relativity [19, 21] . The influence of the scalar field becomes important only at large scales, e. g. for cosmology. 4 The Brans-Dicke theory of gravity is a non-geometrical theory in the sense that the gravitational interactions are mediated both by the metric field and by the non-geometric BD scalar [8] . As a matter of fact the (inverse of the) Brans-Dicke scalar φ is associated with the gravitational coupling: G ∝ φ −1 , so that the point-dependent φ-field (the Galileon in the model of [17] ) modulates the local strength of the gravitational interactions. The spacetime curvature is only partly responsible for the gravitational phenomena. In the formal limit when ω BD → ∞, the scalar field decouples from the gravity and we recover Einstein's GR from the BD theory. The Brans-Dicke action is equivalent to the one for the f (R)-theories when ω BD = 0. In this case the different potentials V correspond to different choices of the function f (R) [10, 11] .
and ii) the self-interacting (cubic) piece of action,
The paper has been organized in the following way. In the next section (Sec. II) we concentrate in the Brans-Dicke theory without the cubic self-interaction. Variations with respect to the metric (Sec. II A) and with respect to the φ-field (Sec. II C) are separately studied on purpose. In Sec. II B, variations of the f (R)-type action with respect to metric are considered as an additional illustration of the procedure exposed in Sec. II A. Variations of the non-linear self-interaction term containing the higher-order derivatives of the φ-field, both with respect to the metric and with respect to the BD field, are investigated at length in Sec. III. In Sec. III B, particular focus is made in the variations with respect to the φ-field. Several subtleties associated with the variational principle when applied to action terms with higher-order derivatives of the field, such as repeated use of the Stokes theorem and correct variation of the D'alembertian of the φ-field, are shown. Some of these subtleties may go unnoticed even to experts. In Sec. IV the results of the former sections are collected and the variational principle for the full action is shown. The corresponding motion equations are written. A generalization of the BD theory: the scalar-tensor theory in general, is studied in Sec. V, where we expose, again, the variational procedure in all details. Besides, in this section we apply the variational procedure to a cubic interaction term of the general form as well. In Sec. VI we leave to the readers, as an exercise, the derivation of the motion equations -by means of the variational procedure -from the coupled Galileon action [22] . Several helpful tips are provided to help the readers in the process of derivation of the motion equations. In Sec. VII, in order to put the procedure and the results exposed in the present paper in a context of interest for applications, we write the motion equations of the theory depicted by the action (1), in terms of the cosmological Friedmann-Robertson-Walker (FRW) metric with flat spatial sections. This is what is known as the BD-Galileon model [17] . A brief discussion of the main physical features of this cosmological model is also provided. Conclusions are given in Sec. VIII.
II. STANDARD BRANS-DICKE ACTION AND THE VARIATIONAL PRINCIPLE
In order to derive the motion equations of a given theory, by means of the variational principle, one have to perform independent variations with respect to the fields that enter the action. In the case of the Brans-Dicke theory, for instance, one needs to vary with respect to the metric g µν keeping the φ-field fixed, and then one takes variations with respect to the φ-field, with the metric field assumed fixed. In this paper, for pedagogical purposes, we shall separately discuss variations with respect to the metric (this subsection and Sec. II A) and with respect to the BD field (Sec. II C).
Variation of the BD action (2) with respect to the metric (the BD field assumed fixed), yields [8, 9] 
where G µν ≡ R µν − g µν R/2 is the Einstein's tensor,
is the stress-energy tensor of the φ-field, 5 and
is the stress-energy tensor of the matter degrees of freedom. While computing the variation in (4) we have taken into consideration the typical requirement that any fields variations, as well as variations of their first derivatives, vanish on the integration boundary ∂M.
As a matter of fact, in order to have a well-posed variational principle, one should take into account the YorkGibbons-Hawking (YGH) boundary term ∝ ∂M d 3 x |h|φK, where h µν is the induced metric on the boundary ∂M of the integration volume, and K is its extrinsic curvature [13, 23] . Fortunately, we can work without considering the YGH term and yet we can obtain a well-posed theory. In this case the variational principle requires vanishing of the variation of the fields, as well as of the variation of their first derivatives, on the boundary of the integration volume. In the present paper we follow the latter formulation of the variational principle. For a detailed description of the former formulation when deriving the motion equations of the f (R)-type theories we recommend [13] .
A. The variational procedure in detail: variations with respect to the metric
Here we shall explain in as much details as possible the variational procedure that leads to (4) . To start with let us to split the BD action (2) into a pure gravitational part:
and a matter part
Taking into account the definition of the stress-energy tensor in (6), the variation of this latter piece of action with respect to the g µν can be written as:
Now let us to concentrate in the variation of the pure gravitational BD action (7). Variation of (7) with respect to the metric, assuming that the φ-field is fixed, reads:
where it has been taken into account that
Equation (10) can be rewritten in a more feasible way by using the following expressions (see, for instance, Ref. [5] [6] [7] ):
Collecting the terms with the factor |g|δg µν , we get:
where
Let us now to focus in this latter piece of the variation. A useful expression is the (contraction of the) Palatini equation [6] 
where, in our convention, the Christoffel symbols are given by:
while the components of the Ricci tensor are defined as it follows:
Taking into account the Palatini equation, the variation (13) can be written in the following way:
We have
where the divergence terms in the left-hand-side (LHS) of both equations above are usually called as boundary terms since these contribute an integral over the boundary of the integration volume. Actually, by virtue of the StokesGauss-Ostrogradski theorem (hereafter, for short, just "Gauss theorem")
where dσ µ are the components of the elementary hypersurface vector, and the vanishing of the surface integrals is due to the requirement of the stationary action principle (vanishing of variations of the metric and of its first derivatives on the integration boundary). This means that the boundary terms may be safely omitted.
After the mentioned considerations the variation (17) can be rewritten as:
After a bit of algebra:
For details of this and related derivations we recommend the appendix A of Ref. [13] . Particularly useful are the equations (A.7) and (A.8) in [13] :
respectively.
Hence:
or, since
where the LHS of both equations above amount to a divergence, whose integral over M vanishes by virtue of the Gauss theorem in conjunction with the requirements of the stationary action principle, then, finally:
If substitute the variation δ gS from (21) back into (12), then, for the variation of the full action (2): δS BD , one gets Eq. (4). By requiring vanishing of the variation in Eq. (4): δ g S BD = 0, one obtains the Einstein-Brans-Dicke (EBD) field equations:
or in more explicit form:
B. The case of the f (R)-theory
The above explained procedure can be straightforwardly extrapolated to other modifications of general relativity such as the f (R)-theories [10] [11] [12] . These theories come about by a straightforward generalization of the Lagrangian in the standard action of general relativity (the Einstein-Hilbert action):
where f (R) can be any arbitrary algebraic function of the curvature scalar R. The f (R) actions are simple enough, yet these are sufficiently general to encapsulate some of the basic characteristics of higher-order gravity, keeping the theory free from the fatal Ostrogradski instability. Take the f (R) action and vary with respect to the metric field:
where f R ≡ df /dR. Then, by following the same procedure explained above, one can write
The first equality from the left in (26) is to be compared with (13) in order to see how the last (right-hand) equality comes about. One finally gets:
Besides, if include variation of the matter piece of action with respect to the metric:
where we took into consideration (6) and, due to the factor 1/16πG N in (27) , the factor of 2 in (8) has been omitted, then the requirement of the stationary action principle: δ g S full = δ g S f (R) + δ g S (m) = 0, leads to the motion equations of the f (R) theory:
C. Variation with respect to the BD field: the Klein-Gordon-BD equation of motion
Variation with respect to the scalar field is, perhaps, the simplest part of the variational procedure. However, as we shall show soon, there are several subtleties even in this case. Variation of S BD with respect to the φ-field (the metric g µν is held fixed) leads to:
where we have taken into consideration that
Besides, if realize that 9 We point out that variation of the matter piece of action with respect to the matter fields χ (the metric held fixed):
and the requirement of vanishing of δχS (m) = 0, yields to the conservation equations (see, for instance, Ref. [5] ): ∇µT
where we have introduced the vector V µ ≡ (∇ µ φ/φ)δφ, then the equation (29) can be written as
where, by virtue of the Gauss theorem and of the requirements of the variational procedure undertaken here, the boundary term:
vanishes. The Klein-Gordon-Brans-Dicke (KGBD) equation for the BD field is obtained by requiring that δ φ S BD = 0:
or, if substitute the trace of Eq. (22):
back into (31), the latter equation can be finally written in the known form [8] :
The equations (23) and (33) are the standard motion equations of the Brans-Dicke theory with the self-interacting scalar field.
III. VARIATION OF THE CUBIC SELF-INTERACTION TERM
It is necessary to vary the piece of action (3) -the one containing the cubic self-interaction -with respect to the fields g µν and φ respectively, in order to obtain the corresponding corrections to the standard BD equations of motion (22) and (33). Variation of this piece of action contains derivatives of the 3rd order which lead (in principle) to derivatives of the 3rd order in the motion equations. However, it is well-known that for Lagrangians of the Horndeski type such as [14] [15] [16] : L = |g|✷φ(∂φ/φ) 2 , the corresponding motion equations are second-order, so that the theory is free from the fatal Ostrogradski instability. In our detailed exposition below we shall see how the terms with 3rd order derivatives on φ, appearing in the intermediate computations, cancel out thus leading to 2nd order motion equations.
A. Contribution of the cubic interaction towards the EBD motion equations
Variation of (3) with respect to the metric (the φ-field held fixed):
where we have taken into account the fact that
which, after equation (A.7) of [13] :
yields that:
Besides,
where the boundary terms ∝ ∇(δg∇φ...) in the LHS of both equations in (35) may be safely omitted, hence
After substituting the underlined terms above into (34), the latter equation can be written as:
where we have to realize that, due to the symmetric property of the metric tensor:
This is a very subtle fact that, if not taken into account, may lead to a misleading result with a non-symmetric term in the (by themselves symmetric) Einstein's equations. The variation of the full action S cubic BD with respect to the metric is given by:
where T (5) and (6), respectively, and we have associated a "stress-energy tensor" with the cubic self-interaction:
B. Contribution of the cubic self-interaction towards the KGBD motion equation
The variation of (3) with respect to the BD field, keeping the metric g µν fixed, is also complex due to the higher derivatives of φ, so that here we will perform it in all details as well. Straightforward variation with respect to φ yields
In order to take the variation δφ out of the operators ✷ and ∇ µ , we resort to the following equations:
Notice that the terms in the LHS of the above equations amount to a divergence:
Then, we recall that by virtue of the Gauss theorem:
where the surface integrals vanish due to the requirement of the stationary action principle. This means that, to all purposes, the LHS of both equations in (41) can be safely set to zero. We can use the resulting equations to substitute the terms with the ✷(δφ) and ∇ µ (δφ) (underlined terms in (41)), back into (40). We get:
At this intermediate step let us note that, thanks to the factor ∝ ∇ µ (✷φ), the second term under the integral in (42) shows derivatives of the 3rd order. This would not bother us since, as said, the Lagrangian density under integral in (3) belongs in the class of Horndeski-type Lagrangians [14] [15] [16] and, hence, it would not lead to terms with derivatives of order higher than 2 in the field equations. In the following computations we shall see how this term with higher-order derivatives is compensated by a similar term with opposite sign coming from integrating by parts the first term under integral in (42). Actually, let us to take the variation δφ out of the operator in ∇ µ (δφ) (the mentioned first term under the integral in (42)). For this purpose we use the following equation:
where the LHS is a divergence and, as in the former cases, can be safely taken vanishing, so that:
The right-hand equality above is obtained since:
where, given that the metric is convariantly constant
Besides, in the last equality in (44), we have used the non-commutativity property of the covariant derivatives of a vector field:
in order to obtain the following useful relationship (∇ µ φ → V µ ):
If substitute the term ∝ ∇ µ (δφ) from (43) into (42), one finally gets:
Notice that, as promised, the term with the 3rd order derivatives ∝ ∇ µ (✷φ) in the last equation in (44) compensates the similar (second) term in the integral in (42) with the opposite sign, so that in (46) there are no terms with derivatives of the scalar field of order higher than the 2nd. Put in different words: if take a look at (45), what we have done is to trade the higher derivatives of the φ-field by the term containing the Ricci tensor.
After this the variation of the full action (1) with respect to the BD field δ φ S cubic BD = δ φ S BD + δ φ S cubic int , reads:
Due to the higher-order derivatives of the cubic self-interaction term the path from (40) to (46) has been long and a bit complicated, involving repeated application of the Gauss theorem.
IV. FULL VARIATIONAL PRINCIPLE AND EINSTEIN-BRANS-DICKE MOTION EQUATIONS
Collecting the above results one sees that requiring vanishing of the variation of the action (1) with respect to the metric δ g S cubic BD = δ g S BD + δ g S cubic int = 0, in Eq. (38), leads to the following Einstein-BD equations:
µν , are given by equations (5) and (39) 
or, if take into account the trace of Eq. (48) and substitute the obtained expression of the curvature scalar:
into (49), the resulting KGBD equation reads:
The (master) motion equations of the Brans-Dicke Galileon with the cubic self-interaction [17] are the equations (48) and (50).
Notice that in the formal limit α 2 → 0, the above equations reduce to the standard equations of the BD theory of gravity with the potential. Further, the constant field limit φ = φ 0 , leaves us with the standard Einstein's GR with a cosmological constant Λ = V (φ 0 )/φ 0 = V 0 /φ 0 , where the Newton's constant is given by G N = 1/8πφ 0 . One may incorrectly think that, in this latter limit φ = φ 0 , an inconsistency arises due to equations (49) and (50), according to which: R = 0, and T (m) = 4V 0 . Notice, however, that in the constant field limit, φ is not a dynamical variable and the equations (49), (50) do not arise. In the limit ω BD → ∞, α 2 → 0, since the scalar field decouples from gravitation, the resulting theory is also general relativity.
V. SCALAR-TENSOR THEORIES IN GENERAL
is the "stress-energy" tensor of the cubic self-interaction. We recall that, in order to meet the requirement of symmetry of
under the exchange of the indexes µ ⇔ ν, the following equality have been taken into account:
Let us now to derive the contribution of the cubic term of the general form (55) towards the Klein-Gordon equation. In order to do so we have to vary (55) with respect to the φ-field (the metric being held fixed):
where, as before, the comma denotes derivative with respect to the φ-field. If realize that, under the integral the divergence:
vanishes, and substitute the underlined term into (57), then we obtain
where we have defined the vector
after integrating by parts we obtain the following expression for the variation of the action S cubic h(φ) :
and the underlined terms contain the derivatives of higher (3rd) order. We have:
where in the last equality, thanks to the equation (45), we have replaced the higher order derivatives by the term with the Ricci scalar: R µν ∇ µ φ∇ ν φ. If substitute the underlined terms in (61) into (60), and then into (59), we can write the variation δ φ S cubic h(φ) into the following form:
It can be checked that, if set h(φ) = α 2 φ −2 in (62), one obtains (46).
• Variation of the action piece S int in (66), with respect to the metric yields (56) with the substitution h(φ) = −α/2M 3 pl :
where ρ m is the energy density of the background matter, p m is its barotropic pressure with equation of state p m = w m ρ m , and u µ = δ 0 µ is the 4-velocity of co-moving observers (free falling observers, i. e., observers moving with the expansion, so that the only non-vanishing component of the 4-velocity is u 0 = δ 0 0 = 1). The resulting Einstein-BD field equations (48) read (H ≡ȧ/a is the Hubble parameter):
where, following [17] , we have introduced the new dynamical variable P ≡φ/φ, while the KGBD equation (50) amounts to:
where γ BD = (3 + 2ω BD ) −1 , and we have defined the parametric family of functions
An appropriate combination of the equations (75) and (76) -as a matter of fact it is their sum -leads to:
Written in this form the equation (79) can be useful, for instance, for the dynamical systems study of the cosmological model based on (1).
B. Useful expressions
In the above equations we have considered that, consistently with the FRW cosmological spacetime model, the BD scalar field is a function of the cosmic time t only: φ = φ(t). In this sense the gravitational coupling G ∝ φ −1 , is also an evolving function of the cosmic time. Besides, in order to write the motion equations (48) and (50) in terms of the FRW metric above, we have taken into account the following very well-known, frequently used expressions which are valid only for the FRW metric with flat spatial sections (the Γ α µν are the Christoffel symbols of the metric):
while for the non-null components of the stress-energy tensors (5), (39) and (74), respectively, we get: 
We leave as a training exercise for non-cosmologists to write the motion equations (72) in terms of the FRW metric with flat spatial sections (73).
C. Comments on the BD-Galileon model with the cubic self-interaction
We want to make a couple of comments on the present cosmological model: the Brans-Dicke Galileon [17] . The model shares certain similitude with the 5-dimensional Dvali-Gabadadze-Porrati (DGP) model [26, 27] .
11 Actually:
• The Friedmann equation (75), that can be written in the following way:
allows for two branches of solutions, depending on the sign of P =φ/φ. In analogy, the modified Friedmann equation in DGP [27] also has two branches:
where the constant parameter r c is the so called cross-over distance.
• The study of the stability of the present model against small perturbations φ → φ + δφ, yields that the perturbations are stable for positive P , while, for negative P < 0, ghostlike instabilities arise. In a similar fashion the '+' branch of the DGP cosmological model is unstable, while the '-' branch is stable instead.
• In a similar way than in the DGP model, 12 a self-accelerating solution can be found in the BD-Galileon model with the cubic self-interaction [17] . This solution can be obtained if in the motion equations (75), (76) and (77), setḢ =Ṗ = 0, and V = ρ m = p m = 0. Unlike the self-accelerating solution in the '+' branch of DGP which is generic, the self-accelerating solution in the BD Galileon with the cubic self-interaction exists if ω BD < −4/3. As a matter of fact, under the above requirements, the equation (76) can be written as
Since we have to choose the '+' branch solution H + in order for the universe to be expanding, then, as a matter of fact a more stringent bound ω BD < −2 is to be met by the self-accelerating solution. Additionally, in order to meet the requirement that the present stage of the cosmic expansion be accelerating, it is required that α ∼ H −1 0 .
In order to recover GR at early times in this model, P should be smaller than H. In fact, GR is recovered in the limit P → 0. This is indeed achieved at high energies when the nonlinear terms in the field equation dominate over the linear term [17] . This is a cosmological version of the Vainshtein mechanism to screen the scalar field [19] .
VIII. CONCLUSION
In this pedagogically oriented paper we have performed a detailed and systematic explanation of the way the equations of motion can be derived by means of the variational principle from the action of the Brans-Dicke theory with the cubic self-interaction (1). This theory is one of the simplest modifications of general relativity, yet, it preserves several of the complications which are typical of more complex modifications such as the f (R)-theories. Besides, the
